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Abstract. A commutative diagram that connects the basic ob-
jects of commutative algebra with the main objects of commuta-
tive analysis is constructed. Namely, with the help of five types of
canonical embeddings we constructed a diagram between two sets
of objects: Abelian semigroups – Abelian regular (cancellative)
semigroups – Abelian groups, on the first hand, and convex cones
– regular convex cones – linear spaces, on the other hand. Thus,
some extension of the Grothendieck algebraicK–theory arises, that
includes the basic objects not only of linear (smooth) analysis but
of sublinear (nonsmooth) analysis also.
1. Basic objects: terminology, notation, auxiliary
results
(1) Abelian semigroup with zero element (i.e., monoid): X = {x},
with additive notation. The corresponding category denote by
(S).
(2) Regular (cancellative) Abelian semigroup is an Abelian semi-
group that satisfies the cancellation law : (x + y = x +
z) ⇒ (y = z) (see [1]). The corresponding category denote
by (RS).
(3) Abelian group. The corresponding category denote by (G).
(4) Convex cone is an Abelian semigroup with respect to vector
addition that forms a module over R+ with respect to multi-
plication by scalars (see [2, 3]). The corresponding category
denote by (Con).
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(5) Regular (cancellative) convex cone is a convex cone that satisfies
the cancellation law (see [2, 3]). The corresponding category
denote by (RCon).
(6) Linear space (over R). The corresponding category denote by
(Lin).
Let’s remind some auxiliary concepts and results.
Proposition 1.1. ([1]) An arbitrary Abelian semigroup can be isomor-
phically (injectively and additively) embedded into some Abelian group
if and only if it is regular.
Corollary 1.2. ([2]) An arbitrary convex cone can be isomorphically
(i.e. injectively and R+−linearly) embedded into some linear space if
and only if it is regular.
Definition 1.3. ([4, 5, 6]) The minimal Abelian group that contains
given regular semigroup X is called Grothendieck group of X and is
denoted by Gr(X). Respectively, the minimal linear space that contains
given regular convex cone X let’s call Grothendieck linear group of X
and is denoted by GrL(X).
2. Divisible objects: terminology, notation, auxiliary
results
(1) Divisible Abelian semigroup is an Abelian semigroup X that
satisfies the condition:
∀ x ∈ X ∀n ∈ N ∃ y ∈ X : y + · · ·+ y︸ ︷︷ ︸
n
:=
∑
n
y = x
(see [7]). The corresponding categories denote by (DS), (DRS),
(DG).
(2) Uniquely divisible Abelian semigroup is a divisible Abelian
semigroup X that satisfies the condition:
∀ x1, x2 ∈ X, ∀n ∈ N
(∑
n
x1 =
∑
n
x2
)
⇒ (x1 = x2)
(see [7, 8]). The corresponding categories denote by (US),
(URS), (UG).
Proposition 2.1. Let X be a uniquely divisible Abelian semigroup.
Then:
∀ x ∈ X, ∀n1, n2 ∈ N
(∑
n1
x =
∑
n2
x, x 6= 0
)
⇒ (n1 = n2).
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3. Basic canonical embeddings
Let’s describe in short the main embeddings that will be used further.
(1) Regularization. R : (S) → (RS), (DS) → (DRS),
(US)→ (URS), (Con)→ (RCon).
Factorize X by (y1Ry2)⇔ (∃ x ∈ X : x+ y1 = x+ y2).
Let XR = X/R be corresponding factor semigroup, then
R : X → XR, y 7→ {z ∈ X| yRz} is the required embedding
and XR ∈ (RS).
(2) Formal difference. F : (RS) → (G), (DRS) → (DG),
(URS)→ (UG), (RCon)→ (Lin).
Factorize X ×X by
((y1, z1)F (y2, z2))⇔ (y1 + z2 = y2 + z1) .
Let XF = X ×X/F be corresponding factor semigroup. Intro-
duce the subtraction operation in XF by involution
−(y, z) = (z, y).
Then F : X → XF
(
x 7→ {(y, z)
∣∣ x+ y = z}) is the required
embedding and XF = F (X)− F (X).
(3) Divisibility. D : (S)→ (DS), (RS)→ (DRG), (G)→ (DG).
Factorize X × N by
((x1, n1)D(x2, n2))⇔
(∑
n2
x1 =
∑
n1
x2
)
.
Let XD = X × N/D be corresponding factor semigroup, then
D : X → XD
(
x 7→ {(y, n)
∣∣ (x, 1)D(y, n)}) is the required em-
bedding.
(4) Uniquely divisibility. U : (DS) → (US), (DRS) → (URG),
(DG)→ (UG).
Factorize X = by (x1Ux2)⇔ (∃n ∈ N :
∑
n
x1 =
∑
n
x2) .
Let XU = X/U be corresponding factor semigroup, then
U : X → XU (x 7→ {y ∈ X| ∃n ∈ N :
∑
n
x =
∑
n
y}) is
the required embedding.
(5) Modulation. (see [3]) M : (US) → (Con), (URS) → (RCon),
(UG)→ (Lin).
Let’s introduce in uniquely divisible Abelian semigroup X
an “additive multiplication” by non-negative scalars, first for
rational case.
(a) For x ∈ X, r = m
n
∈ Q+ set (y = r∗x)⇔ (
∑
m
x =
∑
n
y).
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(b) For γ ∈ R+ that defined by Dedekind cutting A|B in Q+,
set
γ ∗ x = (A ∗ x
∣∣B ∗ x).
(c) Define XM as additive envelope of the set R+ ∗ X with
respect to Minkowsky addition:
XM =
{
n∑
k=1
γk ∗ xk
∣∣ γk ∈ R+, xk ∈ X, n ∈ N
}
.
Here the modulation is extended to X by obvious way:
α ∗ (
n∑
k=1
γk ∗ xk) =
n∑
k=1
(αγk) ∗ xk.
The canonical embedding M : X → XM is defined by the
equality:
Mx = 1 ∗ x =
(
[0, 1]Q ∗ x
∣∣(1,+∞)Q ∗ x) .
4. Properties of the basic embeddings
The following statements can be checked by direct transformations.
Theorem 4.1. The embedding R is an additive homomorphism from
X onto XR.
Theorem 4.2. The embedding F is an additive isomorphism from X
into XF . In addition, in case (RCon) → (Lin), F is R+-linear iso-
morphism.
Theorem 4.3. The embedding D is an additive isomorphism from X
into XD. In addition, XD = D(X)−D(X).
Theorem 4.4. The embedding U is an additive homomorphism from
X onto XU .
Theorem 4.5. The embedding M is an additive isomorphism from X
into XM . In addition, XM = Add(R+ ∗X).
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5. The main result
Theorem 5.1. The following diagram is commutative, together with
any its subdiagram.
Final Remark. The red arrows on the diagram below show a con-
nection between Theorem 5.1 and classical Grothendieck Theorem (see
[4],[5],[6],[9],[10]).
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